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This note follows a lot from the note by Toshihiko Mukoyama.

1 Unemployment Dynamics

Let the period length be A and unemp. rate at time ¢ be u (f):
ut+A)=cAQ—-u()+A-A,A) u(r)

where oA > 0 is the prob. of losing the job, 1,,A > 0 be the prob. of finding a job over A.

We can rewrite it as:

u(t+A)=ocA—-ocAu(t)+u(t)—A,Au(r)

u(t+AN)—u(t)=cA—oAu(t)—A,Au(t)

u(t+AA)—u(t) =o—ou(t)—Ayu(t)

S o (- u () - A (0

so taking A — 0:
W@=0Q-u®)-Ayu(®
We then try to endogenize job-finding rate 1,,. Let agg. vacancy be v and the matching function

takes the form of
M (u,v)A



Some assumptions:
1. matching is random

(a) all vacancies have an equal chance to match w/ an employed worker

(b) all unemployed workers have an equal chance to match w/ a vacancy
2. M is increasing in both terms
3. Mis CRS

Under these assumptions, the prob. of a vacancy matching w/ an unemp. worker during A is

M((u,v)A

1
=M|-,1|A= A
” (9 ) A (0)

where 0 =  is the tightness. The prob. of an unemp. worker matching w/ a vacancy during A is:
M =M(1,00A=1,0)A
and 1, @)=M(@1,0)=0M (%, 1) =0A¢(0). So unemp. rate dynamics now become:
() =01-u(0)—Ay@ @) u
1.1 Beveridge curve condition

Consider ss. whre v () = v,Vt and v’ (1) = 0:

Oza(l—u)—/lw(g)u

Aw(g)uza(l—u)

“= o+Aw(%)

This 1= — /1‘7 @) is referred to as the Beveridge curve condition.
wly



2 DMP Model

2.1 Workers and Firms

The DMP builds on the unemp. dynamics and adds the endo. determination of agg. vacancy v (t).
Firms create vacancies by trading off the current vacancy posting cost and future profit from the firm-
worker match.

We assume that each vacancy hires one worker. Let w (f) be the eq. wage. The PV of being em-

ployed, in discrete-time setting w/ period length A is

W) =w@)A+ (I-cA)W (+A)+0AU (£ +A)) (1)

1+rA

where U (1) is the value of being unemployed.

U(t)=bA+

Aw@@)AW (E+A)+ (A=A, O () A) U (£+A))
1+rA

Multiplying 1 + rA on both sides of (1) we get:

A+r AW =A+rAD)w(A+(1-cA)W (t+A)+0AU (t+A))
FAW (@) =1+rAD)w@A+(1-cA)W(E+A)+0AU(t+A)) - W (1)

rW(t):(1+rA)w(t)+UU(t+A)+(%—0)W(t+A)—%W(t)

W(Et+A)-W (1)

W) =Q+rAw@)+ocU(+A)-W(t+A)+ A

so taking A — 0:
W =w@®+oU@)-W(@)+W (1)

Similarly for U (1):

A+r AU =AQ+rA)bA+ Ay, O)AW (t+A)+ (1 -1, @ (D)A) U (£+A))

rAU () =A+rA)bA+ A, @O () AW (1+A)+(1-A, O @0)A)U(t+A)-U (1)
U(i+A)-U(1)

rU)=0+rA)b+Ay @)W (E+A) =LA, @)U (t+A) + A




so taking A — 0:
rU@)=b+21, 0 @)W (@)-U@)+U (1)

Because of the one-firm to one-worker assumption, the firm is either matched or vacant, the value

of a matched firm is:

J@)=p(A-w()A+ (CAV (t+A)+ (1 —-0A)J(t+A))

1+rA

where p (t) Ais the product produced by the match and V (t) is the value of vacancy, computed by:

1
V(t):—1<A+1

3 (Ar@)AT(E+AN)+(1=ApO(D)A)V (£+D))

where kA is the cost of posting a vacancy. It’s then easy to see that
rJ()=p®)-w®)+o (V) -J 1) +] (1)

and
TV(l‘)=—K+/1f(9(lf))(](t)—V(t))+V'(lf) (2)

We assume that anyone can start a firm by posting a vacancy

1. if V (#) > 0, new entrants would keep posting vacancies until V () becomes 0. Additional va-

cancies would drop the value of V (f)because Ar (6 (1)) is a decreasing function of 0 () = %

Therefore V () = 0 has to always hold, as long as v (£) > 0. !

2. We call the condition
Vi)=0

the free-entry condition

One can formalize 1 as follows:

Let u (¢) be the state var. at time t, which evolves as

U=cl-uw-Ayu

lips possible that V (£) < 0 when v (£) = 0.



and v (f)be the control var. and v = 0.Given (2) and taking u (1), J (), V' (f)as given, we have

A @O -x+ V(@)

v r+As(0(1)

SO
oV T (r+Ap@ @) —(Ar @) (1) —x+V' (1)

Ay (r+Ap0))°

atss., V' (¢) =0, so we have

ov _ rJ(t)+x=V'(1)

OAr  (r+ 50

_ rJ(+x >0
(r+Ap @)

Given the matching function, it’s easy to see that A¢ (0) = M (%, 1) is decreasing in 0:

aﬂf 1

—=140)=<0

ov f()u<
SO

oV 6V0/1f<

ov  0As dv

Therefore, if V () > 0, then it follows that vacancy goes up and in turn pushing V () — 0. If V (¢) <
0, then nobody is willing to post a vacancy and in turn v (¢) = 0. Finally if V (¢) = 0, then entrants are

indifferent and therefore Vv (¢) =0, s.£.V (v (¢)) = 0 will work.

2.2 Wage Determination

In this framework, for a worker to meet w/ another firm, the worker has to endure the cost of unem-
ployment. Similarly, for the firm, losing a worker would imply waiting for another worker by incurring
the vacancy cost. Thus, the matched worker and firm are in a bilateral monopoly situation.
Here we assume that the surplus is split by the level of wage that solves the following maximization
problem:
max (W (w, ) - U ()" (J (w, n-vm)" 3)



where y € (0,1). The functions W (w, t) and J (w, t)are the values of employed workers and a matched

firm, here we make it explicit that only w in this period can move. The solution to this problem is

often called Generalized Nash Bargaining Rule.

The functions W (w, t) and J (w, t) can be written as:

W(w,t) = wA+ (Q=-cA)W(t+A)+0AU (t+A))
1+rA

and

Jw, ) =p(HA-wA+ ™

By taking FOC for (3), we have:

mua}xyln(W(w, N-U®)+(1-y)In(J(w,0-V (1)
0= Y OWw,n) — 1-y oJw
S Ww,H-U(@) ow Jw, -V ow

Given amg(:;/,t) =A, a](%' D = _A, we have
0=— —1 R
Ww,n-u@ J(wn-V(®)
0= — Y __ 1-vy
Ww,n-Uu@ Jwt)-V()
1-y _ Y

Jw,-Vv(t) Ww,t)-U(t)
1-y)(Ww,0-U®)=y(J w1 -V©)

so the w*that satisfies (4) is the eq. wage.

(CAV (t+A)+ (1 —-0A)J(t+A)).

4)



2.3 Steady State Equilibrium

First, consider the ss. eq. where u(f) and v (t) are constant. With the conditions above we have

rW=w-o(W-U)
rU=b+A,0)(W-U)
rl=p—-w-o(J-V)
rV=-x+As0)(J-V)
V=0
(1-y)yW-0)=yU-Vv)

in total 6 equations w/ 6 unknowns W, U, ], V, 0, w. We can then try to reduce this system to 1 to 1.
It can be shown that we have

r+0+yAy0)
A-pp-b- L o,
Ar(0)
This condition is then used to solve for 6 and is often referred to as the job creation condition.

For simple math, we have

rV=-x+As@)(J-V)

0=—x+A7(0)(J-0)
K
Ar(0)

J=

Given

rl=p-w-o(-V)
rl=p-w-oJ

p—w
r+o




we have the free-entry condition on firm side:

K _p-w
/lf(H) r+o

Given

rW=w-o(W-U)
rU=b+21,0)(W-U)
rW-U)=w-b-(0+1,0)(W-U)
(r+o+A,@))W-U)=w->b

W= w-b
B r+o+2A,(0)
so given (1-y) (W -U) =y (J - V), we have
w-D>b K

(I_Y)r+a+ﬂtw(9)zyﬂtf(6)

_p=_Tr K
wob= g o A )

K
p-w=p- %/\f(@) (r+o+A,O)+b

Kk Y X
Af(e)—p [l_y/lf(e)(r+a+ﬂtw(6))+b

(r+o)x=Ar0)(p—b)-

(r+o)

Y o+, 0)
—y

1

(r+o)x+ 1Y_KY (r+o+1,0)=2170)(p-D)

(I-y)r+o)x+yk(r+0+21,0)=(1-7)(p—-b)Ar ()
(r+0)x+ykAy ) =(1-y)(p-Db)Ar 6

r+o+yAw @ o B




which is exactly the job creation condition. To explain this:

r+o+yAy,0)
1- -b

~ ~~ - firm’s share of match surplus
annuitized job creation cost

2.4 Transition Dynamics

Now let’s consider the transition dynamics by not imposing ss. conditions. Collect:

rW () =w () +o U@ -W(@)+W (1)
rUM =b+Ay @)W (O -UM®)+U (D
rJ(=p@-w®)+o (V@) -J®)+] (1
V() =—k+Ar@@)UJT O -V @)+ V(1)
A-y)(Ww,n-U®)=y(Jwt)-V (1)

V(i)=0
SO
0=—x+Ar @)U @) -0
J(t) = ——
AUG)
and

J@®=rJ®)-[p)-w@®+oV(©)-J1)]
=(r+0)J®-[p®-w®)]

K

A WTIT)

-p@O)+w(1)
also given (1—y) (W (1) - U (1)) =y (J (¢) - V (1)) holds, we have that

1-v) (W@ -U'®)=y(J 0 -V'®)
1-y) (W@ -U )=y ()



and

WO -U0=rw@-lw®+oU@)-Wu)l-rU@0)+b+ A, 6 () (W (1) - U (1)
=r+ly @)+ WO -U@)-w ) +Db

SO
yJ (0 K
1—y =(r+Ay (9(t))+0)1_ Af(@(t)) w()+b
yJ' () B K
1=y +7 (1) = (r+/1w(9(t))+a) /1f(9(t)) w()+b|+ (r+a)—ﬂtf(0(t)) p )+ w(t)
J(t) r+o+ydy, @) K
= +b—-pl(t
1-y -y Ao 0 PY
Aw (O (1t
=2 OO pw-b]

Ar (0 (1)

I've been checking this and it seems that Toshihiko’s note is having the wrong sign here. Anyway let’s

move on. Given J (¢) = m we have
J(t) = —
IICIO))
—/1} 0 (1)0' (1)
ey —
J ()= 2
[Ar 6]
RAG) Ap@(0) |6
=n@(1)
o' (1)
0 (1)
A @0 (D) . .. ) . . .
where 11 (0 (1)) = O > 0 is the elasticity of matching function. So if 0 () > 6 where 0 is the ss.

value of the tightness, we have J' () > 0 so that 6’ () > 0, similarly if 6 (£) < 6, we have 6’ () < 0. So
that the only case where 0 (¢) does converge is that 6 (1) = 6, then it’s easy to see that J' (£) =0 and J (1)

is fixed too.

10



Therefore, we can say that job-creation condition holds even not in ss. So given

_v)

T u(n
r+o+yAy,0)

=(1- -b

U () =0 (1-u(t) -2y, 6 6)u)

one can pin down the dynamics of (v (#), u (t),0). Now let’s consider the case where u () > u, where u
is given by the Beveridge curve condition:

_ o
B o+Aw (%)

then we have v’ (r) < 0, similarly we have u' (f) > 0 when u (f) < u, so it’s easy to establish that u (1) — u

monotonically. Given v = Qu, the dynamic of v (¢) is similar.

3 Efficiency and Hosios condition

Notation. I use the notation of the model in my paper: worker bargaining power @, matching elas-
ticity 7, exogenous separation s, vacancy cost x ,, and the Cobb-Douglas matching function M(u, v) =
Wy~ Hence the result reads a = n; in the baseline-notes notation of Notes 1-3 the same state-
ment is y = 7, with y the worker’s Nash share. Write p(0) = 0q(0) for the job-finding rate, g(0) for the

vacancy-filling rate, and
q' )8
q(0)

for the matching elasticity. The derivation is in continuous time, as in Notes 1-3. For a homogeneous

n0) = -

€(0,1)

benchmark I write y for the flow output of a match and b for the flow value of unemployment.

11



3.1 Object

From the steady-state job-creation condition under Nash bargaining and free entry was derived. Trans-

lating to model notation (y — a, 0 — s, Ay — p, Ay — q, Kk — Ky, productivity — y, benefit — b):

Ky (1-a)(y—-b)

qge) r+s+ap®)’ )

This pins down the decentralized tightness 89°. The goal of this note is to derive the tightness a

constrained planner would choose, 8%, and compare the two.

3.2 Why efficiency can fail

The model so far is purely positive. Before asking how far 69 sits from 6*, note why they differ at all.
When one firm posts an extra vacancy it raises 0 = v/ u, producing two uncompensated spillovers of
opposite sign:

1. Thick-market (trading) externality: positive, on the other side. Higher 0 raises p(0) = 0q(0):

unemployed workers match faster. The firm is not paid for this.

2. Congestion externality: negative, on its own side. Higher 0 lowers q(0): every other firm fills

more slowly. The firm bears none of this.

A third wedge comes from pricing: the firm sinks «, before matching, then Nash bargaining hands

the worker share a of the surplus, so the firm recovers only (1 — @) of the value it created (hold-up).

3.3 The constrained planner’s problem

The planner faces the same matching function (it cannot hand-match) and chooses the path of va-
cancies to maximize discounted net output.

Employed workers produce y, the unemployed produce b at home, and each vacancy costs « .

max e_”[y(l—ut)+bu[—1<,,9tut dt
{et}ctx;() 0
subject to:
u,=s(1—u)—0,q0)uy,.

inflow outflow

12



State x = u, control c = 6.

Form the current-value Hamiltonian with costate ¢ on u:
HA=yQ-uw+bu—x,0u+é[sl-w-0gO)u].

Since more unemployment is bad, ¢ < 0; define the social value of an additional employed worker
=-{>0.

By Pontryagin’s maximum principle, we have the following:

07 0

% = —K,,u—(fu% [96](6)] =0
, o
G=re-—

u=s1-u)-0g0@u

Then by doing little math:

0 _ o Hq’(B)]_ B
% [0g6)]=q©)+0q (9)—q(6)[1+ 10 =q© [1-n©O)]
07
E:—y+b—7<v9—58—5961(9)
SO
= Eu04(6)]
vU= ua@ q
=¢uq ) [1-n9)]
—k,=¢q(0)[1-10)]
Ky
=A(1-n@®
70 1-n®)
and

'=ré=[-y+b-xy0-5s-¢0q(0)]
=&(r+s+0g©)+y-b+x,0

13



at ss. we have &' =0so

0=¢(r+s+0q©0)+y—b+x,0
—¢(r+s+0q9©)-x,0=y-b
Ar+s+0q@)-A(1-n©)0gO) =y-b
Al(r+s+60q©)-(1-1@)0g©)]=y-b
Ar+s+n©0g@)]=y-b

SO

Ky
—A(1-n®
70 (1-n®)

_ y—b
|r+s+n©64g0)
(y=b)(1-n®)

Cr+s+n0)0q6)

(1-n@®)

3.4 Comparison: the Hosios condition
Place the two job-creation conditions side by side:

Ky (A-a)(y—b)
qO) r+s+ap@’
x _ (y=)(1-n®)
q@) r+s+n(0)6906)

They are identical except that the decentralized « is replaced by the elasticity .The two coincide for

all parameter values if and only if

S
Il
=

and this is the Hosios condition.

Interpretation. Each side of the market should capture a surplus share equal to its marginal con-
tribution to producing matches. The worker’s search input enters M(u, v) with elasticity n; paying
the worker a = n makes her internalize exactly the externality she imposes, and the congestion and

thick-market effects cancel.

14



3.5 Signing the distortion

Then the direction of the inefficiency when a # n must be proved. Define, for a standing for either a

(market) or n (planner),
ky (1-a)(y-b)

*0,a)= qg®) r+s+ap®)

where we set ®(0, a) = 0. Because the matching function is Cobb-Douglas, M = W17y, the elas-
ticity n(0) = —04q'/ q = n is constant. Hence 7 is a f-independent parameter, the planner’s condition is

®(0,n) = 0 with n fixed, and the comparison "a =" together with the IFT below hold globally. Then

00 x,q' . 1-a)(y-bap’
00 q° (r+s+ap)’

given q' <0,p’ >0,y > b, we have
0P

00

and also

00 (y-b)(r+s+ap)+0-a)y-bp
da (r+s+ap)2
(y=b)(r+s+ap+p-ap)
(r+s+ap)2
(y-b)(r+s+p)

= >0
(r+s+ap)2

so that by implicit function theorem,

do 0d 0
—=——/—<0
da 0oa 00

so the solution 6 is strictly decreasing in a, since the market uses a = a and the planner uses a =1,

then a > 1 means 09°° < §*, which means that there are too few vacancies and vice versa.

15



4 Endogenous Separation

This note continues the DMP series (Notes 1-4) and supplies the canonical endogenous-separation

model: Mortensen and Pissarides (1994), as in Pissarides (2000, Ch. 2).

Notation. Idiosyncratic match productivity x is drawn on [0, 1]; a match is hit by a Poisson shock at
rate A, upon which a new draw x’ ~ F (with F(1) = 1) replaces x.

New matches begin at the top, x = 1. R is the endogenous reservation productivity: a match sur-
vives a shock iff x’ > R. Wages split the match surplus by generalized Nash bargaining with worker
share a. r is the continuous-time discount rate, x, the vacancy cost, b the flow value of unemploy-
ment. Market tightness 6 = v/u, job-finding rate p(0) = 60q(0), vacancy-filling rate (), matching
elasticity n(0) = —q'(0)0/q(0), constant under the model’s Cobb-Douglas M(u, v) = Yuv! ™",

Unlike Notes 1-3, this note carries no exogenous separation s: destruction here is purely endoge-

nous, exactly as in MP (1994).

4.1 Environment

A firm and worker match at productivity x = 1. While matched, the pair draws a new x’ ~ F at Poisson
rate A (idiosyncratic, i.i.d. across draws); on arrival the match either continues at x’ (if x' = R) or is
destroyed and both parties return to the pool (if x' < R), where R is determined below by mutual
consent of the pair.

Between shocks the match produces flow output x, split into wage w(x) (worker) and profit x —
w(x) (firm) by Nash bargaining. Unemployed workers search, matching firms with open vacancies

through M(u, v); a filled vacancy starts at x = 1.

4.2 Match values

Let J(x), W(x), U be the values of a filled job, an employed worker, and an unemployed worker. As in

Notes 1-3, write the discrete-A Bellman equation and take A — 0.

Firm, /(x). Over a period of length A: flow profit [x — w(x)]A; with probability AA a shock arrives

(new draw x’ ~ F: continues at value J(x') if ' = R, destroyed at value 0 if x’ < R, so the continuation

16



is f}% J(s)dF(s)); with probability 1 — AA no shock, value J(x):

1
+rA

1
JX) =[x—wx)]A+ 1 [AA[ J(S)AF(s)+(1-AA)J(x)].
R

Multiply by (1 + rA), collect the J(x) terms on the left ((1+ rA) — (1 - AA) = (r + 1)A), divide by A, and
let A — 0:

1
+rA

J(x) =[x-wx)]A+ ] [AAII: J($)AF(s) + (1 - AA)J (x)
1+7rA)J(x)=0+rA)[x— w(x)]A+ﬂAfR1 J($)dF(s) + (1 - AA)J(x)
rAJ(x) =1 +rA)[x— w(x)]A+)LAfR1](S)dF(s) - AAJ(x)

r+AV)AJ(x)=1Q+rA)[x— w(x)]A+7LAle](s)dF(s)

1
(r+A)J(x)=0Q+rA)[x—wx)] +/1f J(s)dFE(s)
R

by taking A — 0:
1
(r+A)J(x)=x—w) +)Lf J(S)dF(s)
R

or

1
r](x)=x—w(x) +7Lf J(S)dF (s)—AJ (x)
R

17



Worker, W (x). Identical steps; the only difference is that a bad draw (x’ < R) sends the worker to

unemployment (value U), not to 0:

W(x)=wx)A+ ] L

1
{AA [/ W($)dF(s)+ F(R)U
+rA R

+(1—)LA)W(x)}

1
QA+rAW(x)=0+rA) w(x)A+/1A[f W(S)dF(s)+F(R)U
R

+(1-AA) W (x)

1
rFr+A)W=Q+rAdDwx)+A f W(s)dF (s)+F (R) U]
R

1
=w(x)+A1 f W(s)dF(s)+F(R)U]
R

1
rWx)=wx)+A f W(S)dF(s)+ F(R)U - W (x)
R

Unemployed, U. Flow value b; matches at rate p(0) into a new job at x = 1:

U=bA+

1
A [POAW D+ -pONU]

(1+rA)U=Q0+rA)bA+p@)AW1)+ (1 - p@)AU
(r+p@®)U=b+p©O)W(Q1)
rU=b+pO)[W(Q1)-U]

Nash split. The wage splits the joint surplus S(x) = J(x) + W(x) — U (the vacancy’s outside option is

0 under free entry, Section 3) so that the worker gets share a:

Jx)=010-a)S(x)
W(x)—U=aS(x)

4.3 The surplus and the job-destruction condition

Now we try to cancel the wage term w (x):

1 1
r](x)+rW(x):x—w(x)+7Lf JAF(s)—AJ(x)+w(x)+ A f W(S)AF(s)+ F(R)U-W (x)
R R

1
r{J )+ W(x)] =x+/l{fR [](S)+W(S)]dF(S)—](x)+F(R)U—W(x)}

18



Now given S (x) = J(x) + W(x) — Uwe then try to eliminate all J, W:

1

r[S(x)+U]:x+/1{f [S(s)+U]dF(s)—[S(x)+U]+F(R)U}

R
1

rS(x):x—rU+/1{f S(s)dF(s)+U[1—F(R)]—[S(x)+U]+F(R)U}
R
1

:x—rU+/1f S(S)dF(s)—AS(x)

R

1
(r+/1)S(x):x—rU+/1f S(s)dF (s)
R

So the integral on the rhs doesn’t depend on x, so S(x) is affine and increasing in x. A match is de-

stroyed exactly when surplus turns negative, so R is then defined by S (R) = 0:

1
(r+/1)S(R):R—rU+7Lf S()dF(s)=0
R

1
O:R—rU+)Lf S(s)dF (s)
R
SO

(r+A)Sx)=x—-R
x—R

S(x) = r+A

Given this closed form of S (x), then we have:

1 1o_
f S(s)dF(s):f ng(s)
R RT+A

1 1
:—f (s—R)dF (s)
r+AJr

then we have job destruction condition:

1
O:R—rU+)Lf S(s)dF (s)
R

A
r+A

1
rU=R+ f (s—R)dF (s)
R
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The % }% (s—R)dF (s) is an option value: continuing lets the pair keep a good future draw and dis-

card a bad one, which pulls R below the myopic cutoff rU. Then combine

rU=b+pO)[W(Q1)-U]

=b+p@aSQ)
1-R
=b 0)a——
+p()ar+ﬂt
Then we substitute it into rU = R+ % 1% (s—R)dF(s):
Aot 1-R
@2(9,R)ER+—f (s—R)dF (s)— b+p(6)a—]:0
r+AJr r+A

And this is the so called job-destruction curve.

4.4 Vacancies and job-creation condition
Let V be the value of an open vacancy. It fills at rate g (0), landing the firm at the top of the prod. J (1):

1
1+rA

Q+rA)V=—(10+rANx,A+q@)JLDA+(1-gO)A)V

V=—k,A+ [q@)T(MA+(1-q©@)A)V]
rV:—(1+rA)Ky+q(9)](l)—q(9)V
=—ky+q@J1)-qO)V

Free entry drives V to 0:
0=-x,+4g(0)J(1)
SO

Ky

q0)
=(l-a)

J) = =1-a)S)
1-R

r+A
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so that we have now another curve:

Ky 1-R
-(1-a)

®,(0,R) =
16.B q0) )

=0

which is now job-creation curve. Reading it: the left side is the expected cost of hiring one worker (x,,
per unit time, waiting 1/q(60) periods); the right side is the firm’s cut of the best possible match. Entry
equates the two.

4.5 Equilibrium: existence, uniqueness and the Beveridge curve

Slopes. Differentiate implicitly. For job creation: d®;/00 = —x,q'(0)/q(0)? > 0 (since g' < 0) and
00,/0R=(1—-a)/(r+A)>0,so0along ®, =0,

0d,/00
0D;/0R

Ri(0) = - <0.

For job destruction: 0®,/00 = —a(1— R)p'(0)/(r + A) <0 (since p’ > 0), and by Leibniz’s rule
d 1 1
—f (s—R)dF(s) =0—0+f —-1dF(s)=F(R)—-1
dR Jr R

SO

A1-F(R
0% _ ( ())+apw)>

—c-1- 0,
OR r+A r+A
\ -~ s N——
>0,since A/(r+1)<1 >0
0D, /06
R () =————>0.
in©) 0D, /0R

So Rjc(0) is strictly decreasing and Rjp () strictly increasing.

Existence and uniqueness. If an eq. exists, then the uniqueness is trivial: define:

g0)=R;cO)-Rip(0)
g, 0) = R}C 0) - R,]D )]
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and since 0®;/0R # 0, %% # 0 everywhere, g is continuous and:

g' ) =Rj-(0)-R);,(0) <0,V0
Now consider the case R = 1:

1-1
b Oa——
+pl )ar+ﬂt]

1
@2(9,1):1+Lf (s—1)dF (s)—
r+A11

=1-b>0

and since 66% > 0, we have Rjp (0) < 1,V6 > 0. Given CD matching function, we have g (0) = Y0~ 7 —

ooand p(0) = Y07 —0as O — 0" .From

o, 0R="" _q1-alZf_g
AP r+A
we have
(r+AM)x,
Rc@)=1-——"2"V
1c© 1-a)q )
and
. (r+AV)x, . (r+AV)x,
hm ]-—— = lim -_—
0—0+* 1-a)g@@) o-—0* (1-a)oo
=1

Then consider job destruction:

1-R
b+0x a——
Xar+A]

1
CDZ(O,R)ER+Lf (s—R)dF (s) -
r+AJr

A
r+A

1
=R+ f (s—R)dF(s)—b
R
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so @, (0, R)is strictly increasing in R and given

A 1 A 1
lim R+ f(s—R)dF(s)—b:lim 0+ fde(s)—b
R—0* r+AJr R—0* r+AJo
ﬂ 1
= F(s) —
r+7Lf0 sdF(s)-b
= E[s]—b
r+A Ls]

By regularity condition, the value of never separating %[E [s] should be lower than home production
b,? so @, (0,0) < 0,®,(0,1) > 0, and by intermediate value theorem, there exist Ry € (0,1) such that
®, (0, Rp) =0and

lim R;p(0) =R

o 1D (0) = Ro

Given the 2 limits,

li = lim R -R
Jim g(0) = lim Ryc ©) - Rjp (©0)

=1-Ry>0
Now we consider the case where 8 — oco:

. (r+A)xy
Iiml-— =
6—oc0 1-a)q )

and we already have R;p (0) < 1,V8 > 0. So directly we have
elim g(@) = elim R]C (9) - R]D (9) = -0

Then by intermediate value theorem, we now have

36" € (0,00),5.2.8(0%) =0

2If b fell below it, unemployment would be so unattractive that the pair would accept literally any productivity, includ-
ing arbitrarily bad ones. R would be pinned at the corner 0 and no endogenous separation would ever occur, defeating
the point of the model.
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and therefore letting R* = R;¢ (0*) = Rjp (6*), we have this unique eq.
(6*,R")

Beveridge curve. Separation is no longer an exogenous constant: a match ends when a shock (rate
A) draws below R (probability F(R)), so the endogenous separation rateis AF(R). Steady state equates

flows in and out of unemployment:

1-wAFR) = up(0) (6)
———— ——
employed—unemployed unemployed—employed

S0
AF(R)

U= ————

AF(R)+ p(0)
Evaluated at (6%, R*) this gives u*; in (u, v) space (v = Qu) it is a downward-sloping Beveridge curve,
exactly as in the exogenous-separation baseline, except the separation end is now endogenous and

shifts with any parameter that moves R*.
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